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Letter
VISCOELASTIC MODEL FOR THE
TRANSITION FROM NORMAL TO

FAST SOUND IN WATER

V. TOZZINI* and M. P. TOSI®

Istituto Nazionale di Fisica della Materia and Classe di Scienze,
Scuola Normale Superiore, 1-56126 Pisa, Italy; *International Centre
Jor Theoretical Physics, P. 0. Box 586, 1-34014 Trieste, Italy

( Received 9 July 1996 )

The cross-over from hydrodynamic to fast sound in water at 5 C has recently been
mapped experimentally by means of inelastic X-ray scattering. We show that a vis-
coelastic model gives a good account of both the longitudinal-current autocorrelation
function and the dynamic structure factor in the region of the cross-over. Evidence is
also given for a weakly dispersing excitation observed in these experiments being a
liquid state remnant of an oxygen-related optic mode in ice.

Keywords: Dynamical structure of liquids; vibrational modes in disordered systems

The propagation of sound in water has received much attention since a
molecular dynamics study by Rahman and Stillinger [1] showed that the
spectrum of density fluctuations in a mesoscopic region of wave number
k exhibits a secondary maximum at a much higher frequency than that
appropriate to hydrodynamic sound. The so-called high-frequency sound
has been the object of several other studies by molecular dynamics [2-4]
and has been observed in liquid D,O by neutron inelastic scattering [5]
and in liquid H,O by high-resolution X-ray scattering [6]. By the latter
technique it has also been demonstrated that sound waves with
wavelength in the range between 0.5 and 3 nm propagate at the same
velocity in water and ice [7]. Very recently Sette et al. [8] have used
X-rays with even higher energy resolution to follow the evolution of
excitations in the longitudinal acoustic-like dynamics of water as their
velocity of propagation goes from 2000 m/s at k=1 nm™ "' to the fast
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sound value v, =3200 m/s at k>4 nm~'. This experiment provides
almost a full mapping of the cross-over from hydrodynamic to high-
frequency sound, the former having speed v, = 1500 m/s approximately.

The main purpose of the present letter is to examine the inelastic
scattering spectrum of water in the region of the cross-over with the
help of a simple viscoelastic model for density fluctuations [9]. As in
much previous work on the dynamical structure of classical liquids
including water [4], the model is first applied to describe the autocor-
relation spectrum of longitudinal current density fluctuations. Closer
contact with the data is then made by applying the model directly to
describe the dynamic structure factor of water in the mesoscopic re-
gion of wave number and frequency where the cross-over from hy-
drodynamic to fast sound occurs. We also discuss the origin of a
weakly dispersing spectral component which was observed in the X-
ray scattering experiments outside the region of the cross-over.

The viscoelastic model yields for the density response function
#(k,m) of the fluid the expression

2

k
y(kw) = ’1’7 [wz —wi k) +iw

w} (k) — wg (k)}‘ n

—iw+1/t(k)

where n 1s the number density, m is the molecular mass and g (k),
w, (k) and 1(k) are three k-dependent parameters of the dynamics of
the fluid. In the present case we set w_ (k) =v_ k and wqy(k) =uv,k,
while we treat 7(k) as a phenomenological relaxation time to be ob-
tained from a fit of the inelastic X-ray scattering data.

Equation (1) leads via the fluctuation-dissipation theorem to the
following expression for the longitudinal-current autocorrelation func-
tion C,(k, w) in the classical limit,

2k, Tk? w? (k) [w? (k) — (k)]
m [0 =i k)] + [w(k)]? [w? (k) — w?]?

C,lk, ») = )

The peak frequency @ (k) of this function and the relaxation time are
related to each other by

o (k) —wj(k)
T 20*(k) [w? (k) — @ (k)]

(k) (3)
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and for frequencies w~ @ (k) the longitudinal-current spectrum takes
the Lorentzian form

C. ko) = 2k Th? &% (k)T (k) [0? (k) — wd (k)]
ko) = m (W= k)] + Tk’

A dispersion relation having the simple form

(LY R U()_Ut
(1)(k)_k|:l/ +1+(k/k0)2:| (5)

ensures that the width parameter ['(k) is proportional to k* in the long
wavelength limit, as is appropriate in the Brillouin scattering regime
[10], and tends to a constant for k—oc.

Figure 1 reports the observed peak frequencies for the acoustic-like
dynamics of water in the X-ray scattering experiments of Sette et al.,
[6,8] together with the two limiting linear dispersion curves for hy-
drodynamic and fast sound and with the fit of the observed peak
frequencies given by eqn (5) with the fitting parameter k, chosen to
have the value k,=20nm~" over the whole range of wave number
up to 10nm ™% A clearer view of the goodness of the fit can be
obtained from Figure 2a, which compares the curve resulting from the
fit for the k-dependent sound velocity v (k)= m(k)/k with the scattering
data. The curve in Figure 2b shows the corresponding values of (k)
from eqn (3). Finally, the inset in Figure 1 reports the calculated
values of a(k)t(k), showing that this quantity increases towards and
above unity as the wave number increases from 1 to 4 nm ™' across
the transition from hydrodynamic to high-frequency sound.

From the continuity equation the longitudinal-current spectrum
C,(kw) is related to the dynamic structure factor S{kw) by
C, (k.w) = w*S(k,w). Of course, the dominant feature in the measured
S (k,w) is its central quasi-elastic peak, which Sette ¢t al. [6,8] repre-
sent by a Lorentzian curve in order to isolate the contribution coming
from the collective sound-wave excitation. In the viscoelastic model
we write

hik? wt(k) [ (k) — o (k)]
m [n(@) + 1] [w? — wd (k)]? + [wtk)]* [w? (k) — w?]?

S (kw) = 2 (6)
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FIGURE 1 Excitations in water and ice of relevance to the present discussion. Acous-
tic-like peak frequencies measured in X-ray inelastic scattering experiments are shown
as triangles (from ref. 8) and as filled circles (from ref. 6) for water and as empty circles
(from ref. 7) for ice. The short-dashed straight lines show the dispersion relations for
hydrodynamic and fast sound. The filled squares report the peak frequencies of a
weakly dispersive mode observed in water, while the empty squares refer to a transverse
optic phonon in ice (from ref. 8). The long-dashed curve shows our results for an
oxygen-related transverse optic mode in polycrystalline ice, after reduction to the first
Brillouin zone. The inset reports the values of @t from the viscoelastic model for the
longitudinal-current autocorrelation function.

with n(w) the Planck distribution factor. The low-frequency expansion
of eqn (6) reads
w2 (k) — w3 (k)

wj (k)

w? (k)y? (k) —2w2 (k)]
I:l +w? o ® ]

S, (kw) ~ 2k 5 TK? 1(k)
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FIGURE2 Velocity uvk)=a(k)/k of acoustic-like excitations in water (a) and vis-
coelastic relaxation time t(k) (b) versus wave number k. The curves are from our analysis
of the longitudinal-current spectrum. Triangles and dots in (a) are from the X-ray
scattering experiments reported in ref. 8 and in ref. 6, respectively. Stars with estimated
error bars in (b) are from the sound-wave component of the dynamic structure factor
S(k,cw).

The difference S, (k.w) = S (k,w) — S, (k,») gives the model expression for
the contribution of the sound wave excitation to the scattering cross
section, allowing t(k) to be redetermined by fitting either the position of
the peak in S (k.w) or its width to the data on the side peak in the
measured scattering cross section. These two alternative procedures yield
very similar results, which are reported in Figure 2b as stars with es-
timated error bars and compared with our earlier determination of (k)
from C,(k.w). Figure 3 reports the viscoelastic S(kw) as well as its
quasielastic and sound-wave components at k=25nm~! and
k=4nm™!. The latter component is seen to be in excellent agreement
with the X-ray scattering data, whereas the width of the quasi-elastic
component tends to be overestimated in the viscoelastic model.

We turn next to the transverse optic phonon measured by Sette et al
[8] in ice. Its relatively low frequency (see empty squares in Fig. 1)
indicates that it is associated with relative motions of the molecules
within the lattice cell. To evaluate its dispersion curve we use the density
functional approach developed in earlier work [11] on alkali halides,
expressing the mode frequency in terms of the centre-of-mass-centre-of-
mass (essentially oxygen-oxygen) structure factor S..(k) in water near
freezing and of the Debye-Waller factor in ice. For simplicity we replace
the I, structure of ice by the diamond structure, containing two molecules
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per unit cell. The expression for the dispersion relation of the mode
within the first Brillouin zone is

1 .
wilg) =Y 5[ —cos(G-d)] [ dQ(q)F (1q + G) [(q + G)£,]°
=2

»

- Zg[l +cos(G - d)] F(G) (8)
G#(l()
where
nkgT 1 ey
o ket B PR
F (k) nM [s((\(k) lilexp( d* L7 k?/3) (9)

In these equations n, and », are the number densities of ice and water, M
is the molecular mass, G are the reciprocal lattice vectors of the fc.c
lattice. d is the vector joining first neighbours within the unit cell, &, is the
eigenvector of the mode and L is the Lindemann parameter of ice, for
which we have adopted the classical value L x0.17. Equation (8) contains
an angular average over the direction of the wave number q, accounting
for the fact that the measurements were taken on polycrystalline ice.

The calculated dispersion curve is given by the long-dashed curve in
Figure 1. It is seen there that the results agree with the measured
frequencies in ice and are only somewhat higher than the frequencies
of the weakly dispersive mode observed in the X-ray scattering experi-
ments on water (filled squares). This provides evidence that the weakly
dispersive mode in water is a liquid-state remnant of the intermolecu-
lar transverse optic mode in ice, as suggested by Sette er al.[8].

In summary, we have shown that a simple viscoelastic model gives a
satisfactory description of the observations on the cross-over from hydro-
dynamic to fast sound in water. Consistent values for the viscoelastic
relaxation time t governing the transition from the hydrodynamic regime
wt <« | to the high-frequency regime wt > 1 have been obtained from
alternative determinations based on the longitudinal-current correlation
spectrum and on the full dynamic structure factor. Remnants of the
collective excitations of ice are seen to persist across melting both in the
longitudinal acoustic-like dynamics and in the transverse oxygen-related
dynamics of water.
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